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Cumulative processes

Renewal process
Definition

Let (7j)jen+ an i.i.d. sequence of random variable, such that 7; > 0 a.s.
Then S, = Y74 7 is a renewal process. The counting process associated to S, is

M; = sup ZT,'<t
neN i=1
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Cumulative processes

Renewal process
Definition

Let (7j)jen+ an i.i.d. sequence of random variable, such that 7; > 0 a.s.
Then S, = Y74 7 is a renewal process. The counting process associated to S, is

Example: Poisson process

If 77 ~ E(A), then M, is a Poisson process of parameter \. J
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Cumulative processes

Cumulative process

Definition

Let (7;, W;); i.i.d. couples of random variable.

Let M; the counting process associated with (7;); :

cumulative process associated with (17, W;); is

Mt

Ze=>» W.

i=1

M

= SUpen {2im1 7i < t}. The
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Cumulative processes

Law of large numbers and TCL

Proposition

Assume E[W] < oo and E[7] < co. Let m = ]?E[[‘%]. Then
Zt a.s,
— == m
t t—oo

Moreover, if Var[W] < oo and Var|[r] < oo, then

4 w,
ﬁ(t —m) aw, N(O,O’2>,
t t—o00
2 _ Var(W—mr)

where o ()
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Cumulative processes

Idea

Idea for Law of Large Numbers

For renewal processes, we have

Me as 1
t t—oo E[r]
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Cumulative processes

Idea for Law of Large Numbers

My 2. 1 Ze M, [ 1 X

t t—oo E[’r] >0 t t Mt; '
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Cumulative processes

Idea for Law of Large Numbers

M as, 1 Z0 M (1 &

t t—oo E[7] t t —
25 1
t—00 L7 2% E[W]
t—o00

LLN proved.
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Cumulative processes

Idea for LCT

Zt o Zlel V\/[ —tm . Z,Aitl(VV, — Tim) —+ (Zf\itl Tim — tm)
t t ;
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Cumulative processes

Idea for LCT

Zt — ity Wi — tm _ S (W — 7im) + (Zf\itl Tim— tm)

Vi(%-m) = izt Wimmm) 35 rim = tm
t t t

Laetitia Colombani (IMT) Cumulative Process 27th October 2021 6/11



Cumulative processes

Idea for LCT

ZoxMwioem S mim) £ (S mim - tm)

t t t

M; T Me —m —
VE(% - m) - vizm Wi —mim) 5% rim = tm

t t t
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Cumulative processes

Idea for LCT

Mt Mt
Zo xMwioem S nm) £ (S rim - tm)

t t t

Me
\/E(Zt _ m) — le I(VZ )‘i‘\/EZi_lTltm tm
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Cumulative processes

Large deviation principle for Cumulative Process

Important assumptions

» 36y € (0, +00] such that E[e’7] < oo for B < fo,
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Cumulative processes

Large deviation principle for Cumulative Process

Important assumptions
» 36y € (0, +00] such that E[e’7] < oo for B < fo,
> 36y € (0, 400] such that E[e?"] < oo, for 6 < 6,
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Cumulative processes

Large deviation principle for Cumulative Process

Important assumptions
» 36y € (0, +00] such that E[e’7] < oo for B < fo,
> 36y € (0, 400] such that E[e?"] < oo, for 6 < 6,

» (other assumption : for all interval Z such that P(W € Z) > 0, it holds : for all t > 0,
P(r>t, WeZI)>D0)
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Cumulative processes

Large deviation principle for Cumulative Process

Rate functions

For W" a well-chosen reduction of W, we introduce the Cramer transform for (a, b) € R2, and
the rate function J" associated for z € RT

n 1 z
* _ . xT+yW n . * [ = <
/\,,(a,b)—s;(lf;) {ax+by InE(e )} and J (z)—ﬁlr;f; BA;, <B,B>.

v
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Large deviation principle for Cumulative Process

Rate functions

For W" a well-chosen reduction of W, we introduce the Cramer transform for (a, b) € R2, and
the rate function J" associated for z € RT

n 1 z
* _ . xT+yW n _ * [ = <
/\,,(a,b)—s;(lf;) {ax+by InIE<e )} and J (z)—ﬁlr;f; BA;, <B,B>.
We also define

J(2) = sup liminf inf J"(y).
(2) 5>|8 n—=00  |y—z|<s 2
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Cumulative processes

Large deviation principle for Cumulative Process

Rate functions

For W" a well-chosen reduction of W, we introduce the Cramer transform for (a, b) € R2, and
the rate function J" associated for z € RT

n 1 z
* _ . xT+yW n _ * [ = <
/\,,(a,b)—s;(lff {ax+by InIE<e )} and J (z)—ﬁlr;f; BA;, <B,ﬁ>.
We also define

J(2) = sup liminf inf J"(y).
(2) 5>g n—=00  |y—z|<s 2

For W, we introduce the Cramer transform for (a, b) € R2, and the rate function J associated
for z € RT

Vo0 -smpfoct by (e[ e - on (35).
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Cumulative processes

Large deviation principle for Cumulative Process

Theorem
» If g = 400 (in particular if W is bounded) then 1 Z 1 Wi satisfies a full LDP with

good rate function J, i.e.

z < _
for any closed set C € R, lim sup InIP’ Z W,eC| < ,:;161; J(m),

t—o0

o1 1M .
I|tn1>!)r<1)f¥ InP ;;W,-EO > — inf_J(m).

for any open set O € R,
meO
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Cumulative processes

Large deviation principle for Cumulative Process

Theorem

» If g = +o0 (in particular if W is bounded) then %Zi’\ifl Wi satisfies a full LDP with
good rate function J . We also have the following inequalities

v

m+al| <— inf J(2),
z>m+a

1 1M
l “P (=S w,
imsup — In t,; f

t——+00

IN

m—al| <— inf J(2).

z<m—a

1 1M
l “hP(=Sw,
|msup : n tiz::l i

t——+00
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Cumulative processes

Large deviation principle for Cumulative Process

Theorem

» If g = 400 (in particular if W is bounded) then %Zi’\itl W; satisfies a full LDP with
good rate function J .
» If 6y < 400, denoting m = E(W)/E(7) we have for all a > 0

M;
IimSUp1 In]P’<1ZVV,-2m+a> < — min l inf  J(z2), 003/41 ,

t——+00 ) z>m+(a/2)

and

limsup
t—+00

1
InP (t ; W, <m-— a) < — min L<mimza/2) J(z), 003/4] .
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Conclusion

We have:
» Law of large numbers
» Central limit theorem

» Large deviation principle : every exponential moment of W
Deviations inequalities.
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Conclusion

Conclusion

We have:
» Law of large numbers
» Central limit theorem

» Large deviation principle : every exponential moment of W
Deviations inequalities.

Leads

» Obtain finite properties on cumulative process (finite deviations, etc)
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