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A Hawkes process is:
» random
» temporal

» point (jump process)
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Independence

A well-known random process is the Poisson process.

» Independent interarrivals

» Same law (Exponential law)

Modelizes the arrival of customers in a shop.
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Application of Hawkes process

First, Hawkes process are studied for earthquakes.
» Dependent of what happened before, with aftershocks.
» Time-limited dependence
» Randomness
Other modelizations:
» Social network
» Finance

» Neurons
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Hawkes processes Definition and construction

Definition

Let A > 0 and h: (0,400) — R a signed measurable function.
A Hawkes process N of initial intensity \ is a self-influencing point
process whose intensity is given at each time t > 0 by:

+
A"t e (0,400) == | A+ h(t— U

i>1

.
_ <A+/(m) h(t — u)Nh(du)> ,

where (U;); are the jumps of N
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A Hawkes process N of initial intensity \ is a self-influencing point
process whose intensity is given at each time t > 0 by:

+
A"t € (0, +0) <A+th— )

i>1

.
_ <A+/(m) h(t — u)Nh(du)> ,

where (U;); are the jumps of N
More generally:

heey — DN (du
Ab(t) = & </(_Oo,t) h(t — u)N"(d ))

where ® : R — Rt.
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Hawkes processes Definition and construction

Construction

Proposition

Let Q be a (Ft)t>0 - two-dimensional Poisson measure on
(0, +00) x (0,+00) with unit intensity. We consider the equation

N() = (At fiog ) Bt~ w)N*(du)) ", u> 0,

(1)
NP = [0, 400)x(0,+00) Oulo<nn(u) @(du, dO)

Then, under some hypothesis, there exists a solution and this solution is a
Hawkes process.
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Let Q be a (Ft)t>0 - two-dimensional Poisson measure on
(0, +00) x (0,+00) with unit intensity. We consider the equation

N() = (At fiog ) Bt~ w)N*(du)) ", u> 0,

(1)
NP = [0, 400)x(0,+00) Oulo<nn(u) @(du, dO)

Then, under some hypothesis, there exists a solution and this solution is a
Hawkes process.

We can see N as : N = >_i>10u; where U; are the jumps.
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Hawkes processes Definition and construction

Construction of a process with a deterministic function
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Hawkes processes Definition and construction

Comparison with Poisson process
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Hawkes processes Definition and construction

Comparison with Poisson process
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Hawkes processes Definition and construction

Comparison with Poisson process
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Hawkes processes Definition and construction

Construction of a Hawkes process

Example
A=1 0 1
h=T1p05 — Los,

Figure: function h

4 ++ Points poissonniens +
— Intensité du processus
X Sauts du processus de Hawkes
* +
3+ 4 .
+
24 + +
+
4
1+ + +
* +
0 _}» ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, + ,,,,,,,,,,
+ + + + + —+
0 1 2 3 4 5
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Hawkes processes Definition and construction

Example
A=1

h=T1p05 — Los,

— Processus de sauts

X Sauts du processus de Hawkes

1

Figure: function h
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Proposition (Majoration of N")

. . . . +
The existence and the construction are similar for N .

We can construct N" and N"" with the same Poisson-measure Q, and we
have: Nh < NbT
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Proposition (Majoration of N")

The existence and the construction are similar for Ni" .
We can construct N and N"" with the same Poisson-measure Q, and we
have: Nh < NbT

1 ht
Example h
A=1, 0 1
h=1 -1 ht =1 . .
[0,0.5] (0.5,1] [0,0.5] Figure: functions h and h*
4 ++ Points poissonniens ra IJ'— -1
— Intensité du processus pour h by 1
X Sauts du processus de Hawkes pour h + oy 1
3 4/= Intensité du processus pour t + L -,
* Sauts du processus de Hawkes pour h™ + i + 4 |
1
24 + + 1
+
1+ e —— = - - - - + +
+ +
e oo
+ Yt + + Mk wx |
0 1 2 3 4 5
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Lemma (Minoration of N"")

Let h be a function with a compact support [0, L(h)]. Let A\ > 0 be the
initial intensity.

We define g = —A1|o 1(n)- We construct N" and N& with the same
Poisson-measure Q.

Then we have, almost surely, for each t € RY, N < NJ.
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Law of large numbers

Law of large numbers

Remark (Law of large numbers)

(X;) i.i.d such that E[X;] < +oc then 2377, X; n%O E[X1].
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Law of large numbers

Law of large numbers

Remark (Law of large numbers)

(X;) i.i.d such that E[X;] < +oc then 2377, X; n%() E[X1].

Proposition (Law of large numbers for Poisson process)

Let R be a Poisson process of parameter A\. Then, we have:

R(O.6) _ Re as, |

t t t—=oo
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Law of large numbers

Remark (Law of large numbers)

(X;) i.i.d such that E[X;] < +oc then 2377, X; n%O E[X1].

Proposition (Law of large numbers for Poisson process)

Let R be a Poisson process of parameter A\. Then, we have:

R(O.6) _ Re as, |

t t t—=oo

NR([0,t])  NA

What about = Tt if h<0?
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Law of large numbers Fundamental idea

Probabilists love independence

Idea

We have a function h with compact support [0, L(h)]
= Split RT into intervals

¢ S S + X - X Xt X = XXX = XX X+ - X
0 1 2 3 4 5
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Law of large numbers Fundamental idea

Probabilists love independence

Idea

We have a function h with compact support [0, L(h)]
= Split RT into intervals

1 T2 T3 T4

75
- XX - - - - - H-t------ —+ X - - X - - - - - X = XEEXX-X = XX X+ - X
0 1 2 4 5
—— N——
Wy Wo W3 Wiy Ws
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Law of large numbers Fundamental idea

Probabilists love independence

Idea

We have a function h with compact support [0, L(h)]
= Split RT into intervals

T1 T T3 T4 T5
e & B R X - Xt - - - - - X R X X+ - X
0 1 2 4 5
—— R
Wi Wa W3 Wi Ws
Intensity Definition of 7 and W

A(E) = (A4 Sima (e — U) " | 71 = inf{e > UL NA((e=L(h), ¢]) = O}
When do we have:
Yis1h(t—U)=07 Wi = N([0, m1]).
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Law of large numbers Fundamental idea

1 ™ T3 T4 Ty
- - - OGS M- ------ =X - -t X = XXX = XX X+ - X
0 1 2 4 5
— -
Wy Wo W3 Wa Ws

Definition of 7 and W

7 = inf{t > UL, NO((t — L(h), t]) = 0}

Wy = Nh([Ole])'

50 =0, 5i+1 = 5i + Ti+1,

Ti+1 = inf{t > U{+1 - Si, Nh((t + 5i - L(h)a t+ SI]) = 0}'
Wit1 = N([Si, Sital)
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Law of large numbers Renewal process

Renewal process

Definition

Let (7;); i.i.d., non-negative, and S; = Z}:l Tj.

(Sk)« is named renewal process and we consider the counting process
associated:

Vt € R+, Mt - Z ]lSngt-
neN
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el
Renewal process

Definition
Let (7;); i.i.d., non-negative, and S; = Z}:l Tj.
(Sk)« is named renewal process and we consider the counting process
associated:
VeeRY, My =Y 1s,<:.
neN

Theorem (Convergence theorem for renewal process)

IfP(m1 < 00) =1 then:

a.s.
M, = oo.
t—+00

Moreover, if T has a finite mean, we have:

Mt a.s. 1

— .
t t—too E[r]
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Law of large numbers Renewal process

Law of large numbers for Hawkes processes

Proposition (Law of large numbers )

Let h be a negative function, with a support includes in [0, L(h)]. Then we
have:

N{' a.s, IE[Wl]
— = .
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Law of large numbers Renewal process

Law of large numbers for Hawkes processes

Idea
NP1
> Y Willsice.
» We apply the convergence theorem for My = 3 ;-1 15,<;. We know:
M, 22 o0 and M 23 ]El .
t—+00 t tstoo Elml

1
» We decompose : doim1 Wills,<e:

1 1M M, 1 M
;ZWiﬂs,-gt = ?ZVVI = TVZVVI
i>1 i=1 ti=1
.M, as. 1 .1 M, a.s.
» We have: Tt t;)o m and by LLN: M; Zi:tl VV, tjo E[W]_]
Nh E[W,
» Then —& 2% [Wi]

t t—oo E[Tl] ’
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Law of large numbers Renewal process

Application

Let g = _)‘]l[O,A]-

+ Points poissonniens +
34— Intensité du processus pour g +
* Sauts du processus de Hawkes pour g + . + 4
2+ + +
+
4
1+ —F------- 1 F-~-~—~—~-===—===—=-=-=---- kil T
T 1 + !
1 1 1 "
0+-----=-—=-=-===- L e | |LO—
0 1 2 3 4 5
Here: Wi =1as. and 11 ~ A+ E(N).
NE .. E[W] 1 A
Then — = = 1= .
t toco Elm] A4+ AT M +1
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Law of large numbers Renewal process

Reminder
Let h be a negative function, with compact support [0, L(h)].

> Almost surely, for each t € RY, Nf < Nf, for g = —Aljg 1 (n)-

> Almost surely, NP < NAE Here, h* =0, so N is a Poisson process.

Consequence
We have:
A Nb

— < lim £ <\ as.
(R +1 e =0 2°
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Conclusion

Conclusion

We have:

Proposition (Law of large numbers )

Let h be a negative function, with a support includes in [0, L(h)]. Then we
have:

N{' a.s, IE[Wl]
— .
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Conclusion

Conclusion

We have:

Proposition (Law of large numbers )

Let h be a negative function, with a support includes in [0, L(h)]. Then we
have:

N{' a.s. IE[Wl]
— .
t t—oo E[Tl]

In fact, we have:

Proposition (Law of large numbers )
Let h be any function, with a support includes in [0, L(h)]. Then we have:

NE as, E[WA]
t t—oo E[Tl]

v
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Conclusion

Conclusion

» For any h with compact support, we also have a Limit Central
Theorem.

» For negative h and under some assumptions, there exists a Large
Deviations Principle.
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